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NON-SOLVABILITY FOR A CLASS OF LEFT-INVARIANT
SECOND-ORDER DIFFERENTIAL OPERATORS
ON THE HEISENBERG GROUP

DETLEF MULLER AND MARCO M. PELOSO

ABSTRACT. We study the question of local solvability for second-order, left-
invariant differential operators on the Heisenberg group H,,, of the form

n
Pa= Y XXV =TXAY,
i,j=1

where A = (\;;) is a complex n X n matrix. Such operators never satisfy a cone
condition in the sense of Sjostrand and Hérmander. We may assume that Py
cannot be viewed as a differential operator on a lower-dimensional Heisenberg
group. Under the mild condition that Re A, Im A and their commutator are
linearly independent, we show that P is not locally solvable, even in the
presence of lower-order terms, provided that n > 7. In the case n = 3 we show
that there are some operators of the form described above that are locally
solvable. This result extends to the Heisenberg group H3 a phenomenon first
observed by Karadzhov and Miiller in the case of Hy. It is interesting to notice
that the analysis of the exceptional operators for the case n = 3 turns out to
be more elementary than in the case n = 2. When 3 < n < 6 the analysis
of these operators seems to become quite complex, from a technical point of
view, and it remains open at this time.

INTRODUCTION

While the question of local solvability for principal type operators has been solved
in a series of fundamental papers ([L], [HT], [H2], [G], [N'T], [BE], just to name a
few), the same question for multiply characteristic partial differential operators
with smooth coefficients is still a wide open problem. Some partial results appear
for instance in [H3], [BGH], [S] in the general case, and in [HeN|, [L=B], [CRI,
[R], [MRI], [MR2], [MR3|, [MPR] in the setting of translation invariant differential
operators on a nilpotent Lie group.

In this paper we restrict our attention to the case of the Heisenberg group H,,
and analyze a particular class of second-order, left-invariant differential operators
on H,, which are doubly characteristic. This class consists of the operators of the
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form

(1) Pa= > A X,V ='XAY,

ij=1

where X; = 0., — %yjat, Y; = 0y, + %xjat, (z,y,t) € R® x R™ x R denote the
coordinates in H,, and A = ()\ij) is an n X n complex matrix. Notice that these
vector fields satisfy the Heisenberg commutation relations [X;, X;] = [V;,Y;] =
0, [X:,Y;] = 6;;T, i,j = 1,...,n, where T = 9;. To avoid trivialities, we shall
always assume that n > 2. We remark that local solvability for second-order left-
invariant differential operators on the lowest-dimensional Heisenberg group H; is
by now completely understood, see [MPR], [MR1], [MZ].

Particular operators of the form () first appeared (in disguised form) in [MPR]
in the lowest-dimensional case of interest, Hs. This case was later analyzed in
[KM], and it showed some peculiar new features in the theory of local solvability
for translation-invariant operators on nilpotent Lie groups. More precisely, in the
case when n = 2, G. Karadzhov and the first named author characterized the locally
solvable operators Py for A in a Zariski open subset. In particular, they showed
that Pp can be locally solvable even if P, does not satisfy a cone condition. We
say that an operator P, satisfies a cone condition at a point (zg, yo, to) if the image
of its principal symbol at this point is contained in a proper cone in the complex
plane. Since we are dealing with (left-) invariant differential operators, it suffices
to analyze local solvability at the origin in H,.

In the recent paper [MR3], F. Ricci and D. Miiller showed that if £ is a second-
order, left-invariant differential operator on the Heisenberg group H,, satisfying a
cone condition, then, generically, £ is solvable.

In this paper we continue the analysis begun in [KM] and study the operators
of the form ([IJ) for general n > 2.

Let us say that Py is reducible to the Heisenberg group H,, (with m < n) if it can
be written in the form Py = > S\in'iffj, where the S\ij are complex coefficients

i,j=1
and the left-invariant vector fields X I f/j satisfy the Heisenberg commutation rela-
tions [X;, X;] = [V;,Y;] =0, [X4,Y;] = 6i,T, i,j =1,...,m. Clearly, Py can then
be regarded as a differential operator on the Heisenberg group H,,. We denote by
n(P,) the minimal m such that Pa can be reduced to the Heisenberg group H,,.
We shall show that if n(Py) > 7 and if the matrices Re A, Im A and [Re A, Im A]
are linearly independent, then the operator Py + L is not locally solvable, for every
first-order differential operator £ with smooth coefficients on H,,.

It is known [KM] that when n(Py) = 2 there are some operators, which we
call exceptional, that do not satisfy the cone condition and that are in fact locally
solvable. In this paper we show that this phenomenon also occurs when n(Py) = 3,
see Proposition The complete analysis of the remaining cases 3 < n(Pp) <
6 seems to become quite complex from a technical point of view (even though
presumably not very enlightening), and it remains open at this time. Our example
in Proposition [[LZ] indicates that there may exist further exceptional operators for
n(P) in this range.
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1. STATEMENT OF THE MAIN RESULTS
AND SOME AUXILIARY FACTS

Let A be a complex n x n matrix, A = A + i¢B with A and B real, and let
C = [A, B]. We say that Hérmander’s condition (H) holds if:

(H) There exists (£,7) € R*™ such that
t¢An="¢Bn=0 and teCn # 0.

Remarks. It is an easy consequence of Hormander’s general criterium for local
non-solvability in [H2] that Pa + £ is nowhere locally solvable, for any first-order
differential operator with smooth coefficients if condition (H) is satisfied.

Moreover, if A and B are linearly dependent, then, after multiplying Pa by a
suitable complex scalar, we may assume that B = 0. Since the case of operators
with real coefficients is covered by [MR2], we may assume that A and B are linearly
independent.

We shall in fact assume throughout the paper that the following, stronger con-
dition (I) holds, which obviously is a necessary condition in order for (H) to hold.

(I) The matrices A, B and C' are linearly independent.
We can now state our main result.

Theorem 1.1. Let P = Pp and A be as above and let L denote any first-order
differential operator with C™ coefficients (not necessarily invariant). Let n(P) > 7
and suppose condition (I) holds. Then also condition (H) holds, so that P + L is
not locally solvable.

When n(P) = 3, the situation is no longer so plain, as the following example
indicates.

Proposition 1.2. On Hs, consider the operators of the form
(2) P=14+ia)X 1Yo +i6X1Ys + ivXoYs + (1 4+ 16) XoY5,
where «, 3,7,6 € R.

Assume that condition (I) holds. Then condition (H) holds if and only if v =0
or v # 0 and (6 — a)? + 4By > 0; hence P + L is not locally solvable, for any
first-order differential operator L with C* coefficients, under these conditions.

If v # 0 and (6 — «)? + 48y < 0, then the operator P admits a tempered funda-
mental solution and hence is locally solvable.

Let us remark that, as we shall show in Section 3, the operators (2) arise in a
natural way if we assume that A has Jordan normal form given by

01 0
A=10 0 1
0 0 O

Moreover, the subsequent discussion in Sections 3-5 indicates that a complete study
of local solvability of the operators Pa in the cases where 3 < n(Py) < 6 would
presumably require a technically complex but not very exciting case-by-case study
of a great number of different situations, corresponding to all possible normal forms.
This is why we restrict ourselves here to the study of the class of operators (2).
The condition A, B linearly independent has a simple geometric interpretation,
as the following proposition shows. We denote by o the principal symbol of a
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differential operator L. Observe that the principal symbol of Py at the origin is
given by 0Py (Oa (57 m, T)) = - t§A77

Proposition 1.3. Let P = Py be as in (). Then the range of op is always an
R-linear subspace of the complex plane, and rangeop = C if and only if A and

B are linearly independent. In particular, if A # 0, then P never satisfies a cone
condition.

Proof. Suppose that A and B are linearly independent. Assume first that there
exists an x € R™ such that Ax A Bz # 0. Then the mapping

y - Ax
yH(y-Bﬂ)

is onto, i.e., rangeop = C. Suppose next that Ax A Bx = 0 for all . Then
the discussion of Case 1(a) in the proof of Theorem [[J] will show that necessarily
rank B < 2 and rank A < 2, since A and B are linearly independent. Then rank A =
rank B = 1, so that

Av=(z-&)n,  Bax=(z-&)n,
with &1, & linearly independent (compare the discussion of Case 1(b) in the proof
of Theorem [[T)). Then

op(0, (z,y)) = 'zAy +i'xBy
= -&)@-n)+i(y-&)(x-n)
= (z-n)y- (& +i&);
i.e., op has range = C. The case where A and B are linearly dependent is obvious.

O

The following sufficient condition for P, to be reducible to a lower-dimensional
Heisenberg group will be useful.

Proposition 1.4. Let A=A+ iB and P = Py be as above. Let
V = range A + range B, V' = coker A + coker B..

Then V+V' is invariant under A and B, and P is reducible to a lower-dimensional
Heisenberg group, provided V 4+ V' # R™.

Proof. Notice that the inner product on R"™ is fixed here as the canonical inner
product, in view of Hormander’s condition. Then coker A and coker B are well
defined by the equality coker A = range ‘A = (ker A)* (and similarly for B), and
V + V' is invariant under A and B.

Hence, R™ = (V + V') & K, where K C ker ANker B. Choose a basis é1,...,¢é,
of R™ such that V + V' = span{éy,...,émn}, K =span{éni1,...,én}, and write
e = 22:1 tik€r, 1 = 1,...,n, where eq,..., e, denotes the canonical basis of R".
Let T = (t;;), write T~ = (%) and put

)N(i:Zt““Xk, }@:Ztlel.
k l

Then P = Zi,j Aij XiY; = Zkl ;\klj(kf/h where :\kl = Zi,j )\ijtiktlj, ie., A= (;\k,l)
is given by /~\~: tTAfT’l. Moreover, one checks immediately that the vector fields
Xq,..., Xy, Y1,...,Y, satisfy the Heisenberg commutation relations. Also, if k >



NON-SOLVABILITY ON THE HEISENBERG GROUP 2051

m, then we have é;, € K C kerAand é, =), thie, = *T—1e., so that Aeg = 0. Sim-

ilarly, since range A C spang{éi,...,En}, one has range A C spanc{ei,...,em},
so that Ar; = 0, unless & < m and ! < m. This shows that P is reducible to H,,,
where m < n, if V+ V' #£R". O

2. PrROOF oF THEOREM [[L1]

The proof of Theorem [Tl is somewhat lengthy and is divided into several cases,
according to the following scheme:
Case 1. Ax A Bz =0 for all z € R™:
— Subcase (a) rank A > 2 or rank B > 2;
— Subcase (b) rank A =rank B = 1.
Case 2. Ax A Bz # 0 for some z € R™.
— Subcase (a) Az A Ay A Bz A By # 0 for some z,y € R™;
— Subcase (b) dimspan {Ax, Ay, Bx, By} > 3 for some z,y € R", but
(a) does not hold;
— Subcase (c) dimspan {Ax, Ay, Bx, By} < 2 for all z,y € R™.
We shall make the general assumption that condition (I) holds, and remark that
the condition n(Py) > 7 will only be relevant in Subcases 2 (b) and 2 (c).

Case 1(a). Suppose e.g. that rank B > 2. By assumption, for every x with Bx # 0
there exists a unique a(z) € R such that

Az = a(z)Bz.

Since rank B > 2, there are xg, yg such that Bxg A Byy # 0, and hence the set
{(z,y) € R" x R": Bz A By # 0} is Zariski open in R?".

In the sequel, we shall say that a property holds generically if it holds for
all points in a nonempty, Zariski open subset. Thus, for generic (x,y), we have
B(xz +y) # 0, and

A(z +y) = o(z +y)(Bz + By),
Az +vy) = Az + Ay = a(z) Bz + a(y)By.
Since Bx and By are generically linearly independent, it follows that, generically,
a+y)=afz) and  alz+y)=ay).

Let {v1,...,v,} be a basis of R™ such that these equations hold for some = = z
and y from this basis. Then

a(vy) = a(zo +v;) = alzo) = ap.
Hence, Av; = apBuv; for j =1,...,n,ie. A= agB.

Consequently, under the hypothesis (I), Subcase 1(a) cannot arise.

Case 1(b). If rank A = rank B = 1, then there are vectors {;,7;, j = 1,2, such
that Az = (z - &)m and Bz = (z - &)ne. Since Ax A Bz = 0 for all , m1 = cnp.
After rescaling, we may assume that

Az =(z-&)n,  Bx=(z-&)n.
Clearly, range C' C span {n}, so that there exists {3 such that

Cx = (z-&)n.
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Since (I) holds, &3 & span {&1,&}. Let y L span {&;,&}, but y £ €. Then
txAy = 'zBy =0 for all x, and Cy #0.

This shows that (H) holds (and necessarily n > 3).

Henceforth, we shall always assume that n > 3 (since the case n = 2 is covered by
[KM]), and that (H) fails to hold. Moreover, since we shall disprove local solvability
in Theorem [[-1] always by means of Hérmander’s criterion, which is a condition on
the principal symbol only, we can and will assume without loss of generality that
n(Py) = n. In most cases, our assumptions will lead to a contradiction, so that in
fact (H) must be true.

Case 2. Let U = {x : Ax A Bx # 0}. Then U is a conic, Zariski-open set in R".
Then, for all z € U there exist unique a(z), 5(z) € R such that
(3) Cz = a(z)Azx + f(z)Bzx.

Notice that «, 3 are rational functions, more precisely, quotients of quadratic
forms, homogeneous of degree 0, and that «, 3 depend analytically on the coeffi-

cients of A and B, since a(x)Ax A Bx = Cx A Bz and (x)Bx A Ax = Cx A Ax.
For generic z,y € U, also x + y lies in U, so that

Clz+y)=alz+y)Alz+y) + Bz +y)Blz+y)
(4) = a(z +y)(Az + Ay) + Bz +y)(Bz + By),
but also
Cle+y)=Cx+Cy
(5) = a(z)Az + a(y)Ay + B(z) Bz + B(y) By.

Subcase 2(a). We assume that dimspan {Az, Ay, Bz, By} = 4 for some (z,y),
hence also for generic (x,y). From equations () and (@) it follows that, generically,

a(r) = a(z +y) = aly),
Blz) = Bz +y) = By).
If we select y = vj, where {v1,...,v,} is a basis of R", we obtain
a(v;) = afz) =: ao,
B(v;) = B(x) =: fo.
Hence,
Cv; = apAv; + BB, j=1,...,n,
ie., C = apA + BoB, contradicting (I).
Subcase 2(b). We now assume without loss of generality that
dim span { Az, Ay, Bx} = 3

for some x,y, and that
Ax NAy AN Bz ANBy =0

for all x,y. Let
I'={(x,y) : Az A Ay A\ Bz # 0}.

Again, T" is a Zariski open set, conic in each variable. For (z,y) € I' we have

(6) By = y1(z,y) Az + vo(x,y) Ay + v3(z,y) Bx
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for some unique functions 7; on I'. Since, by assumption, (H) does not hold, again
(B) holds and

(7) Clz+y) = [z +y) + Bz + y)n(z,y)] Az
+ [a(z +y) + Bz + y)y2(z,y)| Ay + Bz + y) [1 + 73(x,y)| Bz.

Moreover,
Cla+y)=Cz+Cy
= [a(z) + By (@, y)] Az + [aly) + By)r2(z, )] Ay
+ [B(2) + By)s(x,y)] Ba.
Hence,

a(z) + By)n(z,y) = alz +y) + Bl@ + y)n(z,y),

ay) + B)r2(z,y) = alz +y) + Bz + y)y(z,y),
B(x) + By)ys(z,y) = Bz +y) (1 +13(2,9)).

If B(x +y) = B(y) for all (x,y) € T, then also a(x + y) = a(y) for all (z,y) € T,

and, arguing as in the previous case, we obtain

C=aA+ (B,

a contradiction.
Assume therefore that G(z+vy)—(y) # 0 for some (z,y) € T', so that generically

yi(z,y) = ;Ex)+—ya($ + y;)
0 o) = GG
oz, y) = D& ZBlety) Bgﬂc ﬁx+y§
ST Bl y) - Bly)

Then equation (@) becomes

[B(x+y) — B(y)| By = [a(z) — a(x + y)] Az + [a(y) — oz +y)] Ay
+ [B(z) — B(z + y)] Bz.

Now we replace y by ty, for t so large that also ty lies in the set of generic points,
and let t — 4o00. Since « and § are rational functions, homogeneous of degree 0,
we get

(8'(y) - z) By = [o(z) — aly)| Az — (! () - ©) Ay + [B(z) — B(y)] Bz

Since we are assuming that § is not constant, it follows that 8’ # 0 and 5'(y)-z # 0
on a Zariski open set. Hence, generically,

()~ aly)
71( ay) - E 3 T )
() = A2l 2

B(y) -z
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Comparing () and (@), we get

a(z+y) —alr)  aly) —a(z)
ﬁ(x+y§—ﬁgy§ AR
ﬁ(x+y§ - By) By -
Blx+y)—pBlx) Bly) —B(x)

Blx+y)—Bly) By =

Proposition 2.1. Let o, 3 be quotients of quadratic forms, with 3 non-constant,
satisfying the equations ([O). Then there are vectors u,v,w € R™, w # 0, such that
vAw#0 and

u-x v-T

(11) a(r) = ;o Ble) =

w- T w-T

Conwversely, any pair of functions o, 8 as in (IIl) satisfies ([I0).
Proof. Look at the second equation in (I). Replacing = by tz, t € R, and letting

t — +00, we get
a(z) —aly) o'y -z
Bla) - By) Bz
Similarly, from the third equation in ([{0)), we get
)y By — B
Bla)=ply) By -z’

(12)

so that
(13) (B'(x) - y)(F'(y) - ) = =(B(z) = Bly))*.
Assume that G = g, where

P(z) = 'zDz, Q(z) = 'zFEw,
for symmetric matrices D and E. Then
if we set P(x,y) = ‘zDy and Q(z,y) = ‘zFEy. Also,

Qx)Q(y)
Therefore, (13)) implies
[P(2)Q(y) — Qz)P(y)]”
Now the ring R[z1, ..., x,] is a unique factorization domain (see e.g. [BM]). There-

fore, if P(z)Q(y) — Q(x)P(y) were irreducible as a polynomial in (z,y), then we
would have, for some A € R,

Q(z)P(z,y) — P(x)Q(z,y) = A[P(2)Q(y) — Q(z)P(y)],
which is not possible, since the right-hand side is quadratic in y, whereas the

left-hand side is linear in y and nontrivial. Consequently, there exist polynomi-
als Hj(z,y), j = 1,2, of degree > 1 such that

(15) P(x)Q(y) — Q(z)P(y) = Hi(z,y)Ha(z,y).

(14)
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Replacing H;(x,-) by its principal part with respect to y, we may assume that H;
is homogeneous in y, and interchanging the roles of  and y, we similarly see that
we may assume that H;(z,y) is separately homogeneous with respect to « and y.
Let us assume without loss of generality that H;(z,y) is homogeneous of degree
d > 1 with respect to y. Of course, we have d < 2. If d = 2, and if H; = H1(y) is a
quadratic form in y, then Hy = Hy(z) is a quadratic form in z. Interchanging = and
y in (I5)), we then find that Ha(z)H;(y) = —Ha(y)Hi(z), which is not possible.
Therefore, H; must indeed be homogeneous of degree 1 in x, so that Hy = & - x for
some ¢ € R. Then
P(z) Q)

Q(y)g-—q; _P(y)g-x = Hi(z,y)

is a polynomial in x for every y. But, since P/Q) = (3 is not constant, we can

find y,y’ such that (Q(y), P(y)) and (Q(y'), P(y’)) are linearly independent, and

therefore also 22 and % are polynomials. This shows that there are v,w € R

such that P(xz) = (v-z)({-x) and Q(z) = (w - z)(§ - z); hence B(x) = 2L, as
claimed.

By symmetry in x and y, we are thus left with the case where H; and Hs are
both separately homogeneous of degree 1 in z and y, i.e., Hj(z,y) = ‘aM;y for
some matrices M. But then, by (I0),

0= (‘zMz)(tzMyz),

and since R[z1, ..., x,] is an integral domain, we may assume e.g. that ‘zM;z = 0,
so that *M; = —Mj, and hence Hi(z,y) = —Hi(y,z). It follows that
Hl(l‘, y)[HQ(x7y) - HQ(ywx)] =0;

hence Hy(x,y) = Ha(y,z), i.e., My = Ms. We have seen that w = Hj is a
skew-symmetric bilinear form, Hs is a symmetric bilinear form, and
(16) P(z)Q(y) — Q(x)P(y) = w(z,y)Ha(z,y).
But then w is irreducible as a polynomial in (z,y), for otherwise we had a factor-
ization w(z,y) = (a-z)(b-y), and the skewness of w would imply (a-2)(b-y) =
—(b-z)(a-y); hence (a - x)b = —(b-x)a. This would imply b = Aa; hence
w(z,y) = AMa - x)(a - y) would also be symmetric. By (I8), w(z,y) is thus a prime
factor of the right-hand side of ([I4)), so that

Q(x)P(z,y) — P(x)Q(z,y) = q(z)w(z,y)

for some quadratic form ¢(x). Interchanging = and y, we also have
Q)P (z,y) — Py)Q(x,y) = —q(y)w(z,y).

If we multiply these two equations and compare with (I4)), we get

[P(2)Q(y) — Q(z)P(y)]* = 4q(2)q(y)w(z, y)*.
This implies that ¢ > 0 or ¢ < 0. Assume e.g. that ¢ > 0. A comparison with (I6)
then shows that
Hy(x,y)* = ("eMay)® = 4q(x)q(y)-
Choose y such that ¢(y) # 0. Then Moy # 0, and for x L (May) we get 0 = ¢q(x)q(y);
hence ¢(z) = 0, which means that the hyperplane (May)* lies in the radical of the
form g. This implies that ¢ is of the form ¢(z) = (¢ z)? for some ¢ € R™\ {0}, and
hence
Ha(z,y) = £2(¢ - x)(€ - y)-
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We thus have Hy(x,y)Hs(z,y) = Hy(z,y)(€ - ) and have arrived back at the case
we had already discussed before.

In conclusion, we have shown that (3 is of the form B(x) = ZZ. But then one
computes that
17 oy (wez)(w-y) = (v-z)(w-y)
(1) @)y 0-g ,
(w-z)(v-y) —(v-z)(w-y)
18 6 z) — ﬂ Yy) = )
(18) () ~ B) R
so that
Bla)—Bly)  w-y
B'y) - Wz
Then, by ({12,
w - a(y)w — (w-y)a’ ‘r o u-x
as claimed.
Conversely, from (I7), ([8) and the corresponding formulas for a, one easily
derives that any pair of functions «, 3 as in (1) satisfies (I0J). O

Lemma 2.2. Let E and F be real n x n matrices such that Ex = ~(x)Fx for
generic x € R™, where y(x) = 2L and v Aw # 0. Then there exists a vector z € R™

such that :
(19) Er= (v -x)z, Fx=(w-z)z forevery x€&R".

Proof. There are no z,y € R™ such that (Fz) A (Fy) # 0, because otherwise the
condition would hold for generic (x, y), so that E(z+y) = y(z+y)Fe+y(z+y)Fy =
v(x)Fz + v(y)Fy would imply v(z + y) = v(x) = v(y) for generic (z,y), so that
would be constant. We may assume that F # 0. Then F' has rank 1, and so there
are nonzero 7,z € R such that Fo = (n-x)z’. Then Ex = (ZZn - x)2’, so that
x +— o=n - is a linear mapping. This implies n = Aw, for some real A; hence
Ex = X\v-z)z and F'y = AMw - z)z’. Choosing z = A\z’, the result follows. O

To proceed with the discussion of Subcase 2(b), let us now fix z € U in (@), and
let V, = span {Az, Bz}. Then

By = y2(z,y)Ay  modulo V,,
for generic y.

Subcase 2b(i). There are some x € U and y, 2z € R™ such that the vectors Ay and
Az are linearly independent modulo V.

Clearly, the same property then holds for generic z,y and z. Arguing as before,
we then see that vo(x,y) is constant in y for generic x; hence vao(x,y) = vy(z). We
show that then v must be constant.

By (8) and (ILI), we have

for generic y. Hence

(20) (@) -z+u-z)w=w-z(u+y(x)v).
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If v were not constant, then we could choose z, 2’ such that p := v(x) # vy(z') =: p’
and w -2 # 0 # w-a’. Then, by 20), u+ pv,u + p'v € Rw, hence u = pw and
v = vw for some p,v € R. But then a(z) = p, f(x) = v, and hence C = pA + vB,
a contradiction.

Let p € R be such that 5 = p. Then, by R0), ((pv+u)-z)w = w-z(u+pv), which
implies that u+ pv = kw for some k € R, i.e., u = kw — pv; hence a(z) = k— pp(z).

Then
v .

(C—rA)x = B(z)(B — pA)x =

Here, because of (I), v Aw # 0 and so, by Lemma [Z2], there is some z # 0 such
that

(21) (C—kA)xr=w-2)z, (B—pAzxr=(w-z).

We show next that there is some g € W := w' such that Azg ¢ Rz.

Otherwise, ([2I) would imply that Az, Bx € Rz for every z € W. Moreover,
Bw € span {Aw, z}, and hence Az, Bx € span { Aw, z} for every x € R™. This would
contradict our assumption that dimspan{Ax, Ay, Bx} = 3 for some z,y. Choose
then x € W\ v such that Az ¢ Rz, and subsequently & such that & - (Ax) = 0 and
& -z #0. Since w-x =0, then also £ - (Bz) =0, but £ - (Cx) = (v-z)(€-2) #0, so
that (H) would hold, contradicting our assumption.

(B — pA)x.

T
w-x

Subcase 2b(ii). For every x € U and y, z € R™, the vectors Az and Ay are linearly
dependent modulo V..

In this case, range A C span { Az, Ay, Bz} for every (z,y) € T'. Since, for generic
z, we have Bz = 7,(x, 2)Az modulo V,, then also range B C span{Azx, Ay, Bx}.
Let V, , = span{Axz, Ay, Bz}, (z,y) € I'. Then V; , does not depend on (z,y) €T,
and we denote this 3-dimensional space by V.

Conclusion of the proof. We have seen that condition (H) holds in Cases 1 to
2b (i), and so there only remain Subcase 2b (ii) and 2(c). In Subcase 2b (ii), the
space V = range A + range B is 3-dimensional, and evidently it is of dimension 2 in
Subcase 2(c). Putting V' = range A + range ‘!B and replacing the matrices A, B
and C in the discussion of the previous cases by their transposed matrices ‘A, ‘B
and ‘C, respectively, we may assume in addition that also dim V'’ < 3. But, by
Proposition[[.4] we then have that n(Py) < dimV + dim V| so that n(Pa) < 6, in
contrast to the assumption in Theorem [[1]

Remark. Tt is worth observing that so far we only made use of property (I); the
condition C' = [4, B] did not play any role (except for Case 1(b), where, however,
it was also not really needed, as one easily checks). On the other hand, the proof
of Proposition will show that the condition C' = [A, B] becomes relevant in the
lower-dimensional cases.

3. A CLASS OF EXCEPTIONAL OPERATORS ON H;

In this section we discuss the lower-dimensional case, that is, 3 < n < 6. Our
main goal will be to illustrate the complexity of the situation, and we shall therefore
restrict ourselves to the simplest case Hs.

We are going to consider a class of operators of the form (I that presents
the following features. For some values of the involved parameters, condition (I)
implies condition (H); hence the corresponding operators are not locally solvable.
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For the complementary set of values of the parameters, condition (I) does not imply
condition (H), and we prove that these operators are in fact locally solvable.
Let

01 0 Y1Y2 3
A= 0 0 1 , B = 01 0o O3 ,
0 0 O €1 €2 €3
so that
01 d2—m 03—2
C= €1 €2—01 €3—02
0 —&1 —E&9

Notice that in general we may assume that A (or B) is in its Jordan canonical
form, and we have done so.

Proposition 3.1. Let A = A+ iB, where A and B are as above. Let P = Py be
defined as in ([@). Suppose that condition (I) holds. Then condition (H) is satisfied
if and only if one of the following conditions holds:

(i) the parameters v1,01,€1,€2,€3 are not all zero; or
(i) v1 =61 =1 = 2 = €3 = 0, and either 03 = 0, or 62 # 0 and (53 —72)* +
4309 > 0.
In particular, under these conditions, Pa + L is not locally solvable, for every first-
order differential operator L with smooth coefficients.

Proof. We assume throughout that condition (I) holds.
Observe that, if condition (H) does not hold, then if y € R3\ {0} is such that
Ay A By = 0, then
AyACy=0 and ByACy=0,

and analogously when ‘zA A txB = 0.

Let y = e1. Then Ay = 0, By = (71, 61,e1) and Cy = (1,€1,0). Then ByACy =
0 gives 81 = &1 = 0. Moreover, if x = e3, then 'zA = 0, ‘2B = (0,£2,£3) and
txC = (0,0, —¢2). Then ‘zB A ‘zC = 0 gives 5 = 0. Hence, if d1,¢1,£2 are not
all zero, condition (H) holds.

Suppose then that §; = € = eo = 0. Then, condition (H) holds if and only if
there exist x,y € R? such that

Z1Y2 + 22y3 = 0,
w1 (71y1 +y2y2 + v3y3) + v2(d2y2 + d3y3) + e3w3y3 = 0,
(02 — y1)z1y2 + (03 — Y2)w1Y3 + (€3 — d2)22y3 # 0.

Observe that, if €3 # 0, then the above system can be solved. For, given yo =
+ys3 # 0, select x1 = y» and x2 = —y3. Then choose y3 # 0 so that the third
condition above is satisfied (this is possible if d5—~2 # 0, by choosing an appropriate
sign of ys, and if §3 — v = 0, then since d2 —y1 + d2 — €3 # 0, because otherwise C'
and A would be linearly dependent). Next, choose x3 so that the second equation
is satisfied. A similar argument shows that if 1 # 0, then (H) holds. This proves
(i).

In order to simplify the notation, we relabel the parameters as follows:

a =17, B=13, 7=02, and § = d3;
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so that
0 a O 0 ~
B=|0~ § |, C=100 -«
0 0 0 0 0
Then (H) becomes
T1Y2 + ®2y3 = 0,

(22) ar1ye + Br1ys + yr2y2 + dr2y3 =0,
yr1y2 + (0 — )x1y3 — yaoys # 0.

If v = 0, it can be solved (so that (H) holds), since ¢ # «, by condition (I).

Thus, we may assume 7y # 0. Notice that we are now reduced to the matrix that
gives rise to the operators of the form (2I).

Observe that if y3 = 0, then the system (22) has no solution; so assume y3 # 0
and set t = yo/ys. Then zo = —x1t, and the system ([22) reduces to

z1 (=72 + (a = &)t + 8] =0,
127t + 6 —a] #£0.

Hence x1 # 0, and the system admits a solution if and only if (§ — a)? + 43y > 0,
as it is easy to check. O

Proposition Bl contains in particular the first part of Proposition[L2l In the last
sections, we shall assume that v # 0 and (§ — a)? + 43y < 0, and shall analyze the
corresponding class of exceptional operators from Proposition [[2. We shall show
that they admit a tempered fundamental solution; hence they are locally solvable.

4. A SOLVABILITY CRITERION

We prove a general criterion for local solvability of an arbitrary left-invariant
differential operator £ on the Heisenberg group H,.
For 1 € R\ {0} we consider the Schrédinger representation m, of H,, on L?(R™):

[mu(z,y,t)¢] (v) = e/ gy 4 x) | ¢ e L2(R™).

If f is an integrable function on H,, then the integrated representation is given by

[mu(£)e] (v) = / Fla, g, )™ OT/29) 6y 4 2) dadydt
Ha,
— [ Fuet ot 22 m)ote + )
= / Fyif (u—v,p(u+v)/2, 1) d(u) du
(23) =: IC’;(U, w)p(u) du;

R

here F,.f denotes the partial Euclidean Fourier co-transform in the indicated
variables.
We will also make use of the differential of the Schréodinger representation:

dm (X)) = O, dmu(Yy) =ipvy, j=1,...,n; dm,(T) = ip.
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From this and the identity (23) it is easy to check that for any left-invariant differ-
ential operator £ we have

(24) ICZ*f = dwu(ﬁ)ZlC’; ,
where * denotes the L?-adjoint of an operator.

Theorem 4.1. Let L be a left-invariant differential operator on the Heisenberg
group H,,. Suppose that for each p € R\ {0} and a.e. v € R™ there exists a
tempered distribution H,(-,v) on R™ such that
(i)
A (E)H () = (0 — )
(ii) for every function ¢ € D(R™ x R™), the mapping v — (H,(-,v),p(-,v)) is
integrable and defines a tempered distribution

(o) i= [ (Ha(0) ol 0)) dos

(iii) 4f we set H,(z,n) = Hu(l + 5, — 3), where the change of variables is to

be understood in the sense of distributions, then

() = / g )

defines a tempered distribution H, in a similar way as described in (i), i.e.,
H e S'(R" x R” x R).
Then L admits a tempered fundamental solution.

Proof. By assumption, there exists a tempered distribution K on H, such that

Fy K =H.
Then, for f € S(H,,) we have

(LK, f) = (K, L"f) = cn(Fya K, Fye(L7f))

(25) —cu [ Ao 10 (€ ) o, ) o
Next, we perform the change of variables
— —A z
(26) reus e, JUTutE
n=n(*3"), V=g

and use ([24)). Then the right-hand side in ([28) equals an absolute constant times

[ = vt + 0/ 2R (o u) dudo 5" d

Hn
— [ Hu o) dm LY o) o | " d

— [ am (0 ) By ) (= oo+ 0)/2.0) dudo 5"

— [Foid @ o 5" du

= ¢f(0,0,0)
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for some absolute constant c. Of course, some of the integrals in this argument
have to be interpreted in the distributional sense. This shows that K is a multiple
of a fundamental solution for L. (]

5. SOLVABILTY OF THE EXCEPTIONAL OPERATORS

We wish to prove the solvability of the operator P in ([@). By making the sym-
plectic change of variables (xj,y;) — (—yj,2j), j = 1,2 (where x3,ys remain
unchanged), this is equivalent to proving the local solvability of the operator

P = (1+ia)V1 Xz +iBY1Y3 +ivYoXo + (1 4 i6)YaY5.
Recall that we assume that v # 0 and
(27) (6 — ) +48y <0;

if we set p:= v — ad + 1 and ¢ := a + ¢, then the condition (Z7) is equivalent to

2
C
28 <1-2=.
(28) o< 1

Notice that we may assume that v > 0, and we do so in what follows.

By applying the Schrédinger representation, the operator P is transformed into
dm,(P) =:iuD, where
(29) D = [(1 4 ia)z1 + iy@2|Op, + [Br1 + (6 — 1)z2] (—ps3) .

Notice that for x; € R\ {0}, the ratio (z1 +iy1)/(x1 + iy2) takes values in either
the lower or the upper half-plane, according to the sign of 1 (y1 — y2).
For 21 # 0 and for x5 > s (or for zo < s) we define

14is o (e —s) | 21+ i(azn +ym2) "

30 h —e =

(30) (,5) = ¢ nrim )]
where

(31) K= K1+ ikg :=%[—(a+5)+id7

and where we select the branch of the logarithm log ¢ that equals 0 when ¢ = 1.
We wish to show that & is bounded when x3(s — xz2) > 0.

Lemma 5.1. Fort € R set

It e t
e
2 t)y=1t— ds — ds .
(32) 0=t [ s [ s
Assume that 28) holds. Then the function J(t) is increasing for t € R.

Proof. We have that

ct 0 ct+ o
J(t)=1- 2, 27e
®) 1+t 1+12 14127
and the claim follows immediately from (28). O

Lemma 5.2. Let h be defined as in (30). Then
|h(m1,x2,x3, 3)| <1

when x3(s — x2) > 0.
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Proof. Notice that

zg(wo—s)

14+i(a+ 22 K1+ik2
|h(x1, 2, 23,8) =€~ 7 [M}

L+i(a+v3-)

24 kL
_ e@ 1+ (a + 7%) 2 o2 (arctan(a+"/§—f)7arCtan(a+’yﬁ))
L+ (a+77)? '

Put
(33) b:zoz—l—’yﬂ7 a:za—i—'yi,
I I
so that
(34)  loglh(xy, 2,23, 5)]

T1T3 a+o 1+ 2
= — — 1
2 {(b @) 2 © (1 + a?

o] b
_Tiws | (a+d)t / 0
2 [(b 2 /|a| re o 1182 at

We wish to show that log |h(z1,x2,z3,s)| <0 for x3(s — z2) > 0. This follows
at once from ([B4), B3) and Lemma .11 O

) — o(arctan b — arctan a)}

We now define the solution kernel for the differential operator dm,(P) =: inD.
For pu# 0 and x € R3, s € R we set
1 h(z1, w2, —pxs, )

. . _ ( if —pxs <O,
5 Guers) = | TR 70 <O s
e 1 h(zy, 9, —pas, s)

i (L+ia)z +ivs

Notice that |h(z1, z9, —pzs,s)| < 1in (B5), by Lemmal5.2] Next, for f € S(R?) we
set

X{z2<s} if —px3>0.

+oo
(36) plr) = Gulw;s)f(x1,s,23)ds.
Lemma 5.3. Let f € S(R?) be a given Schwartz fu~ncti0n. Let ¢ be defined as
above. Then u satisfies the differential equation dm,(P)e = f.

Proof. In order to study dm,(P) we introduce the differential operator
L = a(x2)0, — b(x2),

where @ is a non-vanishing function. It is easy to check that for a given g € S(R)
the equation Ly = g admits the solution

o ooy = [ Bl g,

a(s)

Now we set, for x1,x3 and p fixed,
a(r2) = (1 +ia)r +ivyze,
b(Z‘Q) = ((’L - 5)1‘2 — ﬂq}l)(—ul‘g) ,
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so that

G PN R (ot
/S = “3)/5 0T ia)mr 1 it

. x By ;
1 2 —+tL +1+ia)x
_ 4;@5(_”%3)/ (1_ (— 1555 ) 1)dt

(1 +ia)xy + iyt

! *7“5(%3)@2 —5)

_ [ﬁ n (1+146)(1 + ia)] r1(—px3) 1og{x1 +i(azy + yT2)

iy 1 +i(axr +ys)
Then,
. i 14i8) (—adi) | E1l=pz3)
efsm 2((?) dt _ eltm(—uxs)(m—s) {x1 + Z(C&m + ’)’xz)] [W’H_( o aﬂ)} 42
x1 +i(axy +vs)

o1 (—pag) [ 4
L468 (_ 1) (w3 —s) |:x1 + i(aml + 71:2) ~2 ‘[ (O(+6)+z@]

= e 7 N
x1 +i(axy +7s)

= h(xy1, z2, —pxs,s) .

Replacing ¥ by ¢ and g by f in (31), inserting the expression of a and choosing
either s = —o0 or sy = 0o, we obtain the desired conclusion. O

Let us define
(38)  Hu(u,v) = /Gu(u; 8)0u(u1, s,us) ds = G, (u;v2)d(v1 — u1)d(vs — us).

Proposition 5.4. The distributions H, satisfy the conditions of Theorem [{.1].
Consequently, the operator P = Py in @) with a, 3,v,0 € R, v # 0 and (6 — a)? +
45~ < 0 admits a tempered fundamental solution, and hence is locally solvable.

Proof. Clearly, for every u # 0 and a.e. v € R3, H,(-,v) is a bounded mea-
sure, hence a tempered distribution. Moreover, it follows from Lemma [(.3] that

dm,(P)H,u(-,v) = 0(v — -), so that condition (i) in Theorem [T holds true.
Next, for ¢ € D(R? x R3) we have

(0000 = [ Gul(on, 0, wn)sv2)o(01, 02,0, 0)
Hence
(0] <l onsan + )| [ oo, 00),0)] ds.

Since v # 0, this implies that H,, also satisfies condition (ii) in Theorem [Tl
Finally, we have

H(l‘,?],/j,) = Gu(g + 5, % - %)5(‘%1)5(%3)
Thus ~
H(z,n,p1) = WGLY) 5(21)6(x3),

(1 +ic)m +iv(ne — 452)

where |h| < 1. This shows immediately that H € S'(R* x R? x R), and thus also
(iii) is satisfied. O
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